We show uniform convergence of Wiener-Wintner ergodic averages for ergodic actions of (not necessarily countable) locally compact, second countable, abelian (LCA) groups. As a by-product, we obtain a finitary version of the van der Corput inequality for such groups.
Introduction
Let (X, µ) be a probability space and let T : X → X be a measure preserving transformation. The famous Wiener-Wintner theorem (see [27] ) states that for every f ∈ L 1 (X, µ) there exists a full measure subset X ′ ⊂ X such that the averages 1 N N n=1 f (T n x)λ n (1.1) converge as N → ∞ for every x ∈ X ′ and every λ ∈ T, where T denotes the unit circle. There are several proofs of this result, see for instance [1] , [4] and [13] . An important tool for one of the proofs is the decomposition is the weakly mixing part. The convergence of the averages in (1.1) on the Kronecker factor is straightforward and for the convergence on the weakly mixing part the van der Corput lemma (see [8, Lemma 9.28] ) is used. Over the years this result has been improved and generalized in several ways. For instance Bourgain observed that the convergence of the averages in (1.1) for f ∈ H wmix is uniform in λ (see [6] ), cf. Assani [1] . Lesigne showed, that it is possible to replace (λ n ) by polynomial sequences of the form (e iP (n) ), P ∈ R[X] (see [19] , [18] ). A joint extension of this result and Bourgain's observation has been obtained by Frantzikinakis [12] . Moreover, Host and Kra generalized the Wiener-Wintner theorem to the class of nilsequences [15, Theorem 2.22 ]. Eisner and Zorin-Kranich proved the corresponding uniform version (see [9] ).
A topological Wiener-Wintner Theorem is due to Robinson [24] , while Assani proved that for a uniquely ergodic system the convergence is uniform in λ and x ∈ X [1, Theorem 2.10]. Recently Fan proved a topological version of Lesigne's Wiener-Wintner theorem for polynomial sequences [11] .
Furthermore the Wiener-Wintner ergodic theorem has been transferred to actions of LCAgroups or more general amenable groups on probability spaces (see for example Zorin-Kranich [28] as well as Schreiber [26] and Bartoszek,Śpiewak [3] for the topological case). In the case of abelian groups the corresponding averages look as follows 1
where (F n ) is a (tempered strong) Følner-sequence in G, m G is the Haar-measure on G, ξ is a character of G and gx describes the action of an element g ∈ G on x ∈ X.
A uniform version of the Wiener-Wintner Theorem for abelian groups was proven by Lenz [17, Corollary 1] who showed that the convergence of (1.3) to zero for f orthogonal to the corresponding Kronecker factor is uniform in ξ (the set of characters) at least for uniquely ergodic actions of discrete LCA-groups. In this note we drop the assumptions of both unique ergodicity and discreteness and show the following generalization of Bourgain's observation and Assani's result mentioned above.
Theorem 1.1 (Uniform convergence of Wiener-Wintner ergodic averages). Let G be an LCAgroup with Haar-measure m G acting continuously on a compact space X and denote byĜ the dual group of G. Further let µ be an ergodic probability measure on X, f ∈ L 2 (X, µ) with f ∈ H wmix and (F n ) a tempered strong Følner-sequence in G. Then for almost every x ∈ X
Moreover, if the action of G on X is uniquely ergodic, then for all f ∈ C(X) ∩ H wmix
Note that the first part of the theorem is a generalization of a result by Lenz (see [17, Corollary 1]), who considered only uniquely ergodic actions of discrete LCA-groups. The second part of the theorem is very similiar but still different to results by Lenz (see [17, Theorem 2] ) and Schreiber (see [26, Corollary 1.13] ). We want to point out that in the latter works the Følnersequence in question is not assumed to be tempered. Schreiber even considered general (not necessarily strong) Følner-sequences. The main difference is that in both results the supremum is taken only over compact subsets Λ ⊂Ĝ.
As an important tool for the proof we present a finitary version of van der Corput's inequality for complex-valued functions on an LCA-group, see Lemma 4.1. Moreover, to overcome the main technical difficulty for uncountable groups, we show the existence of a full measure subset, such that uncountably many Følner-averages 
Tools
2.1. Følner-sequences. We recall one of many equivalent definitions of amenability. An lcscgroup G with left Haar-measure m G is called amenable if it admits a so-called (left) Følnersequence (F n ) in the sense of the following definition. (i) A sequence (F n ) of nonempty compact sets is called a (left) Følner-sequence if
Compact groups, abelian groups and solvable groups are examples of amenable groups. The free group F 2 on two generators is not amenable (see [25, Example 1.1.5 and 1.2.11]). For more informations see for instance [14] , [21] and [25] .
n→∞ −→ 0 uniform for k ∈ K, for every compact K (see [10, Theorem 3] ). (ii) Every (left) Følner-sequence admits a tempered (left) Følner-subsequence (see [20, Prop. 1.5] ), which means that in particular every amenable group has a tempered (left) Følnersequence. (iii) It is straightforward to show that if G is an unimodular lcsc-group and (F n ) a left Følner-sequence in G, then (F −1 n ) is a right Følner-sequence in G and vice versa. (iv) Every strong Følner-sequence is also a (usual) Følner-sequence. For countable groups also the converse is true (see [22, Lemma 2.8] ). Moreover, every amenable lcsc-group admits a strong Følner-sequence (see [23, Lemma 2.6 ] and note that the proof does not rely on the unimodularity of G) and therefore, using (ii), a tempered strong Følnersequence. (v) For the K-boundary of a subset F ⊂ G we have
Later on we will need the following elementary lemma.
Let G be an lcsc-group with left Haar-measure m G , V a compact, symmetric neighbourhood of the neutral element e ∈ G and F ⊂ G a compact subset. Then
Therefore it is enough to show that
This can be verified as follows
The following is well-known. We give a proof for the reader's convenience.
Proposition 2.4. Let G be an amenable group with left Haar-measure m G , ξ : G −→ T a continuous homomorphism and (F n ) a left Følner-sequence in G, then
, which means, that the sequence is bounded. Therefore we can find a convergent subsequence. So let (A ξ n k ) be such a sequence with A ξ
by the Følner-property of (F n ). As ξ ≡ 1 there is a h ∈ G with ξ(h) = 1 and therefore a = 0 must hold. Now (A ξ n ) is a bounded sequence and every convergent subsequence converges to 0. This implies that (A ξ n ) converges to 0 itself. 2.2. Actions of groups. Suppose that G is an lcsc-group and X is a compact, topological space. Then X becomes a measure space if we equip it with its Borel-σ-algebra B. By gx we denote the action of an element g ∈ G on
For every action of an amenable group G on a compact topological space X by homeomorphisms there exists at least one G-invariant (and also at least one ergodic) Borel-measure µ on X (see [2, Remark I.3.4] ). If this measure is unique (and hence automatically ergodic, see [2, Prop. 3.1]), then we call the action of G on X uniquely ergodic.
Every measure-preserving action of a group G on a probability space (X, µ) induces a family of unitary operators T g :
where Hom(G, T) denotes the set of continuous group homomorphism from G into the unit circle T. Note that Hom(G, T) =Ĝ, whereĜ denotes the dual group of G, in the abelian case. We obtain a decomposition L 2 (X, µ) = H kr ⊕ H wmix , where H wmix := H ⊥ kr . The following lemma gives a characterization of H wmix for actions of LCA-groups (see [7, Prop 3.2 
and Corollary 3.3]).
Lemma 2.5 (Characterization of H wmix for LCA-groups). Let (X, µ) be a probability space, G an LCA-group with Haar-measure m G acting measure preserving on (X, µ), (F n ), (F ′ n ) Følnersequences in G and f ∈ L 2 (X, µ). Then the following assertions are equivalent.
2.3. Generic points. Let (X, µ) be a probability space on which an amenable lcsc-group G acts ergodically. We say that x ∈ X is a generic point for a measurable function f with
If (F n ) is a tempered Følner-sequence then for every such f almost every x ∈ X is generic by the Birkhoff ergodic theorem for amenable groups (see [20, Theorem 3.1]).
Proof of Wiener-Wintner Theorem for abelian groups
The following Wiener-Wintner theorem for LCA-groups is in a more general setting due to Zorin-Kranich [28, Corollary 4.1].
Theorem 3.1 (Wiener-Wintner Theorem for actions of LCA-groups). Let G be an LCA-group with Haar-measure m G , which acts continuously on a compact space X. Further let µ be an ergodic probability measure on X and f ∈ L 1 (X, µ). Then there exists a subset X ′ ⊂ X with µ(X ′ ) = 1 such that for every tempered strong Følner-sequence
converges as n → ∞ for all ξ ∈Ĝ and for all x ∈ X ′ .
Here we will present an alternative direct proof based on the decomposition of L 2 (X, µ) discussed above. We need three technical lemmata. The first one is an infinitary version of the van der Corput lemma for groups (see [7, Lemma 5.1] ). For more versions of the van der Corput lemma for groups see for instance [5] . 
exists, then the following implication holds
The next lemma will be crucial for the approximation argument. It is a simple modification of [8, Lemma 21.7]. One just needs to replace the Cesàro-averages N −1 N n=1 by Følner-averages m(F n ) −1
Fn and therefore we omit the proof. 
Finally the following lemma is needed to construct the full measure subset of convergence for actions of uncountable groups. Lemma 3.4. Let G be an LCA-group with Haar-measure m G , which acts continuously on a compact space X. Further let µ be an ergodic measure on X, f ∈ L ∞ (X, µ) and (F n ) ⊂ G a tempered strong Følner-sequence in G. Then there exists a subset X ′ ⊂ X with µ(X ′ ) = 1 such that for all x ∈ X ′ and for all h ∈ G 1
Note that for a fixed h ∈ G there exists a subset X h ⊂ X with µ(X h ) = 1 such that the convergence in (3.1) holds for this h ∈ G and for all x ∈ X h by the Birkhoff ergodic theorem for amenable groups. So if G is countable there is nothing to prove. But the uncountable case is a bit more involved.
Proof. Preparation:
We need the following:
In particular for every ε > 0 there exists a k 0 ∈ N such that
Fix a compact, symmetric neighbourhood V of the unit e ∈ G, then for every h ∈ G, we can find a h i 0 such that h ∈ h i 0 V . It follows that hF n ⊂ h i 0 V F n . 
Estimation:
Let ε > 0 be arbitrary and x ∈ X ′ .
1. We first prove that for n large enough 1
Now the claim follows by choosing n large enough.
2. Now we prove that for n large enough
Next we prove that for
Since the action of G on the compact space X is continuous and also f k 0 is continuous, the difference |f k 0 (hgx) − f k 0 (h i gx)| is smaller than ε if h i is close enough to h for all x ∈ X. Now the claim follows.
The estimate
for n large enough is an immediate consequence of the Birkhoff ergodic theorem for amenable groups and the construction of the set X ′ ∋ x.
We continue by proving
Again the claim follows because the difference |f k 0 (h i y) − f k 0 (hy)| is smaller than ε for h i close enough to h for all y ∈ X.
6. Now we prove that
This can be verfied as follows 
Analogously

Final Conclusion:
Putting everything togehter yields for n largh enough
Now the claim follows.
Proof of Theorem 3.1. First let f ∈ L ∞ (X, µ). Then we get f = f 1 + f 2 with f 1 ∈ H kr and f 2 ∈ H wmix . Since H kr comes from a factor, which can be proven as in the classical case (see [8] ), we have f 1 ∈ L ∞ (X) and hence also f 2 ∈ L ∞ (X). If f is an eigenfunction to the character 
for every x in the full measure subset of X according to Lemma 3.4. By Lemma 2.5 we get
In the first step we used here that G is abelian and in the second step we used that G is unimodular and therefore F −1 n is again a Følner-sequence by Remark 2.2(iii). By Lemma 3.2 it follows that 1
So far we proved the theorem for every f ∈ L ∞ (X, µ). Now suppose f ∈ L 1 (X, µ). Then we can find a sequence (f j ) ⊂ L ∞ (X, µ) such that f − f j L 1 j→∞ −→ 0. For every j ∈ N let X j be the set of points for which 1 m G (Fn) Fn ξ(g)f j (gx)dm G (g) converges, interesected with the set of generic points of |f j | and |f − f j |. Then µ(X j ) = 1 and the same holds for X ′ := j∈N X j . Using Lemma 3.3 again yields for every
and the limit exists.
Proof of Theorem 1.1
We begin with the following version of van der Corput's inequality. The proof is a modification of [1, Lemma 2.2], see also [16, Lemma I.3 .1].
Lemma 4.1 (Finitary version of van der Corput inequality).
Let G be an amenable group with left Haar-measure m G , (F n ) a left Følner-sequence in G and f : G → C a bounded, measurable function. Then for every n, H ∈ N the following inequality holds
and therefore
For the first term we use the Cauchy-Schwarz inequality and obtain
Using (4.2) and (4.3) we finally get
Now we are able to prove our main theorem. 4) is also uniform and we are able to continue the proof in the same manner as before. We still need the strong Følner-property in order to apply Lemma 3.4 in this proof. Note that every continuous function on a compact space is bounded and therefore we do not need the approximation argument at the end of the proof in this case.
Remark 4.2.
(i) Zorin-Kranich (see [28] ) showed that the claim in Theorem 3.1 remains true, if the group G is an arbitrary amenable group and the action is only measurable and not necessarily continuous. Thus the question arises whether the claim in Theorem 1.1 remains true as well if we consider arbitrary measurable actions of amenable groups. Note that only the proof of Lemma 3.4 relies on the continuity of the group action and an important tool in the proof of the main theorem, Lemma 4.1, is true for general amenable groups.
(ii) Note that we do not need to apply Lemma 3.4 in the proof of Theorem 3.1 and Theorem 1.1, if the group G is countable. By going through the proof carefully, it turns out that both theorems remain true if we consider arbitrary measurable actions of countable LCA-groups. is a tempered strong Følner-sequence in G and the counting measure is a Haar-measure on G. Every character ξ : G −→ T is of the form ξ(n 1 , . . . , n d ) = λ n 1 1 · . . . · λ n d d for some λ 1 , . . . , λ d ∈ T.
By Theorem 3.1 we obtain that for every ergodic action of G on X, where (X, µ) is a probability space, and every f ∈ L 1 (X), there exists a full measure subset X ′ ⊂ X such that 1 (2N + 1) d N n 1 ,...,n d =−N λ n 1 1 · . . . · λ n d d f ((n 1 , . . . , n d )x) converges for all λ 1 , . . . , λ d ∈ T and every x ∈ X ′ . Now consider a Bernoulli-shift, i.e. let G act on X = {0, . . . , k − 1} Z d by shift, where k ≥ 2 is an integer and X is equipped with the product σ-algebra. It is well known that this system is strongly mixing, which has the consequence that the Kronecker factor consists of constant functions only. Therefore by Theorem 1.1 we obtain that for every f ∈ L 2 (X) with f, 1 = 0 there exists a subset X ′ ⊂ X with µ(X ′ ) = 1, such that 
